Math 1060 — 5.1 Notes
The Law of Sines

Solving a triangle means finding the measures of all the sides and angles. An oblique triangle is a triangle

without a right angle. To solve an oblique triangle, we must know three pieces of information, at least one of
which must be the length of a side. (Three angles define an infinite number of triangles).

A
/\ The Law of Sines: In any triangle, >0o = SH;’B =y
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ASA or AAS: Find the third angle using the fact that the three angles of a triangle add to 180°. Then use the
law of sines to find the other two sides of the triangle.

Example: a =28, f=66", c=8.2
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Y= (80°- (28°+et") sn 86’
sin 86" sin 66
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b= 8.2 51 b4~
Sin B6°

SSA (The Ambiguous Case): If you know two sides and a non-included angle (an angle that is not between the
sides), there may be zero, one, or two possible triangles that fit the given measurements. To figure out
how many triangles there are for an acute angle a, do the following:

1. Draw the given angle (a) in standard position with a terminal side of length b. Don’t draw
side a yet.
2. Let h be an altitude from C to the initial side of a.

3. Since sina=#h/b, h=bsina. Compare 4 to a as follows: .
a. If a < h,then no triangle can be formed. oppP side < he ‘2 lq'l“ :% no As

. If a=h, then one trianglé (aright triangle) can be formed. PP S 'de = V\Z“’j\’)'} = ?i'

b
¢. If h<a<b,then two triangles can be formed. opp. Side pehoeen 44) side £ M\‘svﬁ
d. If a>b5, then one triangle can be formed. > 2 As

\> PP Side = odj. Sidezy V€
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If a is obtuse, there is either no triangle (if a <b) or one triangle (if a > b) possible.

C
(a) a<b : (b) a>h
no triangle 5 one triangle
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d) y=125", b=5.7, c=8.6

Bearing: The measure of an angle that describes the direction of a ray is called
the bearing. Bearing is the clockwise angle from due north.

Another way to express bearing is to describe the acute angle that the ray o 60> \
makes with a ray pointing due north or south. For example: A 1507] F
N60°E is a bearing of 60° east of north o4

S30°E is a bearing of 30° east of south
S45°W is a bearing of 45° west of south

&)
™)

Example: During an important NATO exercise, an F-14 Tomcat left the carrier Nimitz on a course with a
bearing of 34° and flew 400 miles. Then the F-14 flew for some distance on a course with a bearing of
162°. Finally, the plane flew back to its starting point on a course with a bearing of 308°. What distance
did the plané fly on the final leg of the journey? Round to the nearest tenth of a mile.
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Math 1060 — 5.2 Notes
The Law of Cosines

A
a’* =b* +c* —2bccosa
y The Law of Cosines: In any triangle, 5> = a° +¢*> —2accos
. B ~ Y C c? =a’ +b*—2abcosy

SSS: Use the fact that the largest angle is across from the longest side of the triangle to solve for the largest
angle using the law of cosines. (For example, if ¢ is the longest side, use the equation

¢’ =a’+b*>—2abcosy to solve for y.) Then use the law of sines to find the remaining angles, which will
both be acute.

Example: =38, $=9.6,¢c=7.7 La,r'6€5+ Z s 8 - Frad Haad _)C,*PS.’\

A 4.7 287+ 13"~ 2(2.8)(3F) cos 3

92.16 = 73.12 - 58,52 cos B
18.9%3=2 -58.52 258

[>)
3N /O&q_ S ok

o5 f= -, 349 7.6 -
8 =108.4; Sl 5= B

Y = 180°~ (0., 4°+22.1°)
SAS: Find the length of the third side using the law of cosines. Use the law of sines to find the angle acro
from the shorter of the two given sides. Find the remaining angle by subtracting the first two from 180°.

Example: bcf 5.8, ¢=3.6, a =39.5° _
p%=3,0°+5.8%- 2(3.0)(5.9) cos 39.5

o™= [H, 28

y Is smallest £, so it most be acote.
Find 1+ Frest,

sin 39.5° Sin Yy - Z”f_i

2Nol? = 22UV 50 vz, 0D [y= 33,
B=186"- (39.5+ 3% )

Example: Jan and Dean started hiking from the same location at the same time"Jan hiked at 4 mph with

bearing N12°E, and Dean hiked at 5 mph with bearing N31°W. How far apart were they after 6 hours?
Round to the nearest tenth of a mile.

4 mph for G hr=2/ mi
Smph for (= 30 m

x*2 20°+34 "~ QC%D)(Q‘!\) cos 43°
X = HA L. BS
X :'.[QO, Z mii




circle of radius 7, then a =7r+/2—2cosa. (This formula is derived from

Length of a Chord: If a chord of length ¢ is intercepted by a central angle a in a \
the law of cosines.) A’

Example: Find the length of the chord intercepted by a central angle of 33.8° in a

circle of radius 22.4 fi.
= 3_ e
A =33.8 b7
M= (QQ,"‘} ft

O=22.9023-2 cos 33.8°

= O —

4
4% 2247+ 22,9 2(ag.4 )(@22.4) s 33.8°
277 a%= 169, |




Math 1060 — 5.3 Notes

Area of a Triangle

The formula 4 = lbh gives the area of a triangle.
2
In the diagram at the right, sina = fl—, so & =csina. Using
¢

e . 1, .
substitution, we derive the formula 4 = Ebc sina.

Depending on which angles and sides are known, the

Ose fuoe sSides
4“13\6 betuoceen +hew

Using the law of cosines, it is possible to derive a formula for the area of a triangle that
involves only the lengths of the sides of the triangle. The formula is known as “Heron’s
Formula” after Heron of Alexandria, who is believed to have discovered it around AD 75.

formulas 4= %ac sinff and 4 = %ab sin y can also be used.

Heron’s Formula: The area of a triangle with sides of lengths a, b, and ¢ is given by:
A= \/S(S—a)(S—b)(S —c), where S = (a+b+c)/2.

Examples:
Find the area of the triangle with 0 =39.4°, h=12.6, and ¢ =13.7

A=L (. &)(13.3) sin 39.4°

i .‘

Find the area of a triangle with a =56.3°, §=41.2°, and ¢ =9.8
. o
sm 563 sin 4l.2 b=7.8

b
180 (T 50.37 y= 8a. 5
A A /2 (94.8X(3.€) 3 BR.5° =

Find the area of the triangle with a =12, 5=8,and ¢ =6
S= \'2.+8 Yo - =13

F\ J1302-12D03-802- -

Find the area of a triangle with a =346, b =234, and ¢ = 422

<= 34(94—;1?%:%%2:2 - 50|

A = 561 (Sol-24¢) (501 - 234 501 AR :

-
-
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Math 1060 — 5.4 Notes
Vectors

Scalar Quantities: Quantities such as length, area, volume, temperature, and time, which have magnitude
(size), but no direction.

Vector Quantities: Quantities that involve both a magnitude and direction, such as velocity, acceleration, and
force. These quantities can be represented by directed line segments called vectors.

The length of a vector represents the magnitude of the vector quantity. The direction is indicated by the
position of the vector and the arrowhead at one end.

Notation: 4B is used to name a vector with initial point 4 and terminal point B. Vectors may also be denoted
by bold letters. AB can also be written as AB. If the initial and terminal points are not specified, vectors can be
named by a single uppercase or lowercase letter (eg. b, B, b, or B.) The magnitude of vector A is written IAI

Equal Vectors: Vectors with the same magnitude and direction. They do not have to be in the same place.
Zero Vector: A vector with no magnitude and no direction. It is denoted by 0

Scalar Multiplication: For any scalar k and vector A, kA is a vector

with magnitude !kl times the magnitude of A. If £ >0, then the

direction of kA is the same as the direction of A. If k£ <0, the direction A
of kA is opposite to the direction of A. If k=0, then kA =0.

Suppose two draft horses are pulling on a tree
stump with forces of 200 pounds and 300 pounds,
with an angle of 65° between the forces. If A and B
had the same direction, then there would be a total
force of 500 pounds acting on the stump, but the
total force is less because of the angle between the
forces. By the parallelogram law, the force acting
along the diagonal of the parallelogram, with a :
magnitude equal to the length of the diagonal, has the same effect on the stump as the two forces A and B. The
force A + B acting along the diagonal is called the sum or resultant of A and B.

Vector Addition: To find the resultant or sum A + B of any vectors A and B, position B (without changing its
magnitude or direction) so that the initial point of B coincides with the terminal point of A. The vector that
begms at the initial point of A and ends at the terminal point of B is the vector A + B. For every vector A, there
is a vector — A, with the same magnitude as A, but the opposite direction. For any two vectors A and B,A-B=
A+ (-B).

Example: Sketch the vectors A + B and A — B.




Any nonzero vector w is the sum of a horizontal component, w,, and a
vertical component, wy. If a vector w is placed in a rectangular
coordinate system so that its initial point is the origin, then w is called a
position vector. The angle § formed by the positive x-axis and a
position vector is the direction angle for the position vector. T T\ A

If the vector w has magnitude 7, direction angle 6, horizontal component y
Wy, and vertical component wy, then we get

|Wx . lWYI
~— and sin@ =—=
r 7

cosf = or |w,|=|rcos| and lwylzlrsin@]. W X

Examples: Find the magnitude of the horizontal and vertical
components for each vector v with the given magnitude and direction angle 6. Round to the nearest tenth.

a) [v|=5.6, =22° b) [v[ 445, =211.1°

[ =I5, eos 227 (5.2 [T = | 445 o 21017 = [361.oj
[\ =] 50 sin 23| <[a.] [V,)= [445 sin au.17| =

Component Form: The notation (x, y) is used to define a position vector y

with terminal point (x, y). This is called component form because the

horizontal component is <x, O> and its vertical component is (0, y>. L
Ol &

The magnitude of the vector v =(x,y) is |v|=r =4/x’+ )’ . To find the

.. . , 0 *
direction angle, use sin@ = —X, cosf = i, and tand = X. <x >

r r X

If a vector has magnitude  and direction angle 6, its component form is <r cosd, rsin 0>.

Examples: Find the magnitude and direction angle of each vector.
) v=(2,-6) QLL b v=(-32) QI
S - - - = 2 2~
i B =)
e 2 25,
tan &= —=2=-3 o & = =
o]
@ = —':}" (0 L{(Q 6
AL Ao -Q884 :
Examples: Find the component form for each vector v with the given magnitude and direction angle 8.
n\l [__10 8 =120° Bk I_cn H=1200°

4 i

12 0% (20%2 )2 ()= - X250 s 1R =50(U)=-R5
N =12 Sin 1207 = {Q(r%D:Co \E Y =50 sin [30%= So(¥z 32>:955§




IfA= <al,a2>, B=(b.b,), and k is a scalar, then
1. kA = <ka1, ka2> Scalar Product

Vector Arithmetic: 2. A+B= <a1 +b,a,+ b2> Vector Sum
3.A-B= (al — ., — b, > Vector Difference
4. A-B=ab +a,b, Dot Product

Examples: Let w = <—1, —3) andv = <3,—4>. Perform the operations indicated.
a) wW—v b) —8v c) 3w+4v d)w-v

L\, -By —<3,-4D _8 3,4 2B +4L3,4) (1m0 - 43,90

fELD) sRzAsnl =erDidene %%@Méﬂ%i

=/<a,-23) = =3+ 5

The Angle Between Two Vectors:

If A and B are nonzero vectors and « is the smallest positive angle between them, then cosa = I—ATII:'
Examples: Find the smallest positive angle between the following vectors:
a) (1,3) and (5,2) b) (-1,5) and (2,7)
£,37 5,272 O +()(R) = || &1,5D - K2,37 = CURD +(SYF) =33
[<1,2Y) = JiIFF3* =Vo 1<“’6>!: J\Cr‘ﬁifv_f"\r_,m
zZ 4 = 953
<5,27) = {571 2* =37 €275} = I 2+

' - T - S
oS &k = FT—G{—T_’“ @A 2'0(—,45].5 Cos k= \]—1\1_—% =,889 m

Parallel Vectors: The vectors A and B are parallel if and only if A = kB for a nonzero scalar k.
Perpendicular Vectors: The vectors A and B are perpendicular if and only if A-B = 0.

Examples: Determine whether each pair of vectors is parallel, perpendicular, or neither.
a) (-2,3) and (6,4) b) (2,-5) and (-4,10) ¢) (2,6) and (6,2)

<-Z))3(,>)‘<(OJL§ £9,107 = - <Q =55  £2,¢) ~L b,
= )Y+ X4 =0 = e +D(Z) =24
m [Neithec)

The vectors i= <1, O) and j= (O,l) are called unit vectors because each has magnitude one. For any vector

<a1, a2>, we have <al,a2> =a <1,0> +a, <0, l> =aji+a,j. The form aji+a,j is called a linear combination of
the vectors i and j.

Examples: Write each vector as a linear combination of the unit vectors i and j-
a) A=(-17) b) B=(0,-9)

R=-1+73 2=--93



Math 1060 — 5.5 Notes
Applications of Vectors

Example: Forces of 2 1b and 12 Ib are acting at an angle of 72° to each other. Find the magnitude of the
resultant force and the angle between the resultant and each force.  ~ohge cotive s of

PO\‘(\GLH el Dax‘c‘_m3 are
i-”\l SUFIO(QWH-[T:J\V,

=LZ'12'9L~2(IQ)<Q> cos (o
IFl%: lbq.» [F]= 12.& L)

Sin 1087 , 511 & -
Tae XY _ A= (85-Cog’ 8.5 ;’f
Sin A =20,1486 (0(28,5 l o
Inclined Plane Problems: The weight of an object is ;
always modeled as a vertical vector and the force required
to move the object is modeled as a vector parallel to the
inclined plane. Its length increases as the incline increases.
The resultant of these two forces is a vector perpendicular o) ]/

to the inclined plane. It is what a bathroom scale would
read if trapped between the object and the plane.

Example: Find the amount of force required to push an 800-pound block of ice up a ramp that is inclined 10°.

>
K sin | =_]fl___
io® 800

% 3
\ ¢
e&&%{t

—2 . o
F‘t: SO0 3w D

Example: A landscaper uses 100 pounds of force to pull a cart full of rocks up a driveway that is inclined 15°.
What is the weight of the cart?

sin (97 = *‘:f\

(03\: [e]®)

sin 15°

2l-Beea el

Example: If 300 pounds of force is required to push a 1000-pound safe up a ramp, then what is the angle of
inclination of the ramp?

gin ©= 202
OO

o {357




Navigation Problems: Wind affects the speed and
direction of a plane. The heading and air speed are the
direction and speed of the plane before wind is taken into
account. The course and ground speed are the direction
and speed of the plane with wind taken into account. The
angle between the heading and the course is the drift
angle. Plane's

Example: An airplane is headed due east with an air speed of 200 mph. The wind is out of the south (bearing
0°) at 40 mph. Find the drift angle, the ground speed, and the course of the airplane.

13 %= Ho* + 200*

l\l 1 %2 4{ |, bo© % V\A( ’;ﬁo
¥1=[ac4.0 mpn| & ¥ spees
ﬁ 40 mpn tan &= L‘D (e IS5 &

J, - S ROO ‘78»’?°2

Foe men 6= 127 ¢ e
andlé

Example: An airplane is headed due west with an air speed of 400 mph. The Wmd is out of the northwest
(bearing 135°) at 90 mph. Find the drift angle, the ground speed and the course of the airplane.

lj( = 90%+ dee® - (a0)Hon) tos 45°
NENIENESS 3mowd
131=[242.2 mph

|40 | e JAeiEt
¥ 2 SnAS sine e-floa’)fge
% 5 23~ 9o

Sy 6=20.18%9 ?57{‘ Cag-;oato? {95‘?6

Example: A jet is headed northwest with an air speed of 500 mph. The wind is 100 mph with a bearing of 200°.
Find the drift angle, the ground speed, and the course of the jet.

ok, o, 917 loo® +S00® - a(ioc)(5es) cos (5°
V)% 213,728 ond
1T | =[466. mp© «Vsoeed

Sin 65°_ N 8
4. (o [OO
N &= 0.194%

o -KA({{W amf)\e

L (ovYo¢
%” 2,07~ (45° +\\ 27)
fess



